Abstract. Suppose that fn : Mn −→ Nn (n ∈ N) are degree-one maps between closed hyperbolic 3-manifolds with
In this paper, we will study degree-one maps f : M −→ N between closed, hyperbolic manifolds. According to a stronger version of Mostow's Rigidity Theorem, Gromov-Thurston's Rigidity Theorem in [20, Chapter 6] , the volume Vol(N ) of N is not greater than Vol(M ). Moreover, in the case of dimension ≥ 3, the equality Vol(M ) = Vol(N ) holds if and only if f is homotopic to an isometry. In any dimension n other than three, H.C. Wang [23] proved that the number of closed, hyperbolic n-manifolds with volume less than a given constant is finite up to isometry if n ≥ 4 and up to homeomorphism if n = 2. On the other hand, in dimension three, the Hyperbolic Dehn Surgery Theorem [20] implies that there are infinitely many, closed, hyperbolic 3-manifolds with bounded volume. So, we are peculiarly interested in degree-one maps between hyperbolic 3-manifolds. Though this stronger rigidity theorem is powerful, one cannot apply it directly to some of the subjects which are important in the study of degree-one maps between geometric 3-manifolds. We refer to [16] , [1] , [6] , [7] , [24] and their references for various results and related topics concerning such subjects.
Consider a C 1 -map g homotopic to a degree-one map f : M −→ N between closed, hyperbolic 3-manifolds. Let Dg : T (M ) −→ T (N ) be the derivative of g. We may regard that g is close to a local isometry if, for any unit tangent vector v to M , the norm ||Dg(v)|| is close to 1. The metrical distortion δ(g) of g is defined by The following is our main theorem, where we consider degree-one maps without fixing domain and target manifolds and present a result contrasting with Theorem 1.
Theorem 2. Let f n : M n −→ N n (n ∈ N) be degree-one maps between closed, connected, orientable, hyperbolic 3-manifolds with lim n→∞ Vol(M n ) = lim n→∞ Vol(N n ) < ∞. Then, for all but finitely many n ∈ N, f n is homotopic to an isometry.
The proof of Theorem 2 is done by showing that the restriction f n |M n,thick(ε) : M n,thick(ε) −→ N n is homotopic to a homeomorphism j n : M n,thick(ε) −→ N n,thick (ε) ⊂ N n for all sufficiently large n ∈ N. However, the fact that M n,thick (ε) and N n,thick(ε) have the same topological type seems not to be an immediate consequence from the condition on volume limit. Our proof is based on the argument similar to that in Soma [17] , where a certain rigidity theorem for hyperbolic 3-manifolds of infinite volume was proved by using the notion of w-nets, which consist of regular ideal simplices in H 3 (see [17, p. 1238] ). In the present case, we will define simplicial honeycombs H (m)
z,t and twins T z,t consisting of (proper) straight 3-simplices in H 3 well approximated by regular ideal simplices. By using these tools, one can show that not only M n,thick(ε) is homeomorphic to N n,thick (ε) , but also the homeomorphism is realized by a map homotopic to f n |M n,thick (ε) .
In the original proof of Gromov-Thurston's Rigidity Theorem, a degree-one map f : M −→ N between closed hyperbolic 3-manifolds is lifted to a map f : H 3 −→ H 3 between the universal coverings which is radially extended to a π 1 (M )-equivariant measurable map f ∞ : ∂H 3 −→ ∂H 3 . In order to show that the extension is possible, the assumption of the equality Vol(M ) = Vol(N ) was crucial. In the general case without setting this assumption, one cannot invoke the argument in [20] to guarantee the existence of f ∞ even if Vol(M ) and Vol(N ) are arbitrarily close to each other. As a special case of our argument, we will have a new proof of their rigidity theorem without using radially extended maps and hence without relying on any ergodic theory, see Remark 1 in §3.
When the degree of maps is greater than 1, the assertion corresponding to Theorem 2 does not hold. For any d 0 ∈ N with d 0 > 1, there exist degree-d 0 maps f n : M n −→ N n between closed, connected, orientable, hyperbolic 3-manifolds with lim n→∞ Vol(M n ) = d 0 lim n→∞ Vol(N n ) < ∞, but such that each f n is not homotopic to a (locally isometric) covering, see Example 1 in §3. Let ρ n :
induced from the f n and the holonomy hol n : π 1 (N n ) −→ PSL 2 (C) of N n . Then, this example also implies that {ρ n } is a sequence of torsion-free, discrete representations to PSL 2 (C) with lim n→∞ Vol(ρ n ) = lim n→∞ Vol(M n ) < ∞, but each ρ n is not faithful, where Vol(ρ n ) is the volume of ρ n in the sense of Goldman [5] . We compare this fact with Goldman's rigidity theorem which says that, for any closed Note that Theorem 1 implies that lim V →∞ c(V ) = 0 for any c(V ) satisfying the property (0.2). From this rigidity theorem, we know that there are no degree-one maps between distinct 3-manifolds obtained by most Dehn surgeries on the same hyperbolic knot in S 3 . Corollary 2 is another application of Corollary 1, which concerns one of the main subjects on degree-one maps between 3-manifolds, for example see [10, Problem 3 .100], [18] , [19] and [15] . 
of non-homotopy equivalence, degree-one maps between closed, connected, orientable, hyperbolic 3-manifolds. If n ≥ n 0 , then the volume of M n is greater than V .
Since the set V of volumes of closed hyperbolic 3-manifolds is a well ordered subset of R (see [20, Corollary 6.6 .1]), any strictly decreasing sequence in V is finite. From this fact, we know that any descending sequence of non-homotopy equivalence, degree-one maps between closed hyperbolic 3-manifolds is finite. On the other hand, strictly increasing, infinite sequences in V are not necessarily unbounded. However, Corollary 2 implies that such a sequence in V defined from ascending sequence of degree-one maps is always unbounded.
We will finish this section by outlining how to prove our rigidity theorem on degree-one maps f : M −→ N between closed, hyperbolic 3-manifolds with Vol(M )/Vol(N ) sufficiently close to 1. As will be seen in Lemmas 1 and 2 in §1, for "most" of the straight 3-simplices σ : ∆ 3 −→ M in M well approximated by regular ideal simplices, the straightened 3-simplex straight(f •σ) of f •σ in N is also approximated by such an ideal simplex. By using this fact, we wish to show that a lift f : 
is a subset of C consisting of vertices of 9 m regular subtriangles of the same size in a certain regular triangle T z . Then, a simplicial twin T z,t is used to show that such a normalization of f is taken independently of parameters (z, t) (Lemma 4). The subset W as above is contained in the union of V
Then, we will show that f |M thick(ε) is homotopic to a homeomorphism j : M thick(ε) −→ N thick(ε) by relying on the fact that f |W is close to the identity. Since j maps a meridian of each component of M thin(ε) to a meridian of the corresponding component of N thin(ε) , j is extended to a homeomorphism j : M −→ N , which is homotopic to an isometry.
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Preliminaries
Throughout the paper, all manifolds are assumed to be orientable, and suitably oriented in all cases. First of all, we will review briefly the fundamental notation and definitions needed in later sections, and refer to Thurston [20] for details on hyperbolic geometry, and to Hempel [8] , Jaco [9] for 3-manifold topology.
Let C× R + = {(z, t) ∈ C× R; t > 0} be the 3-dimensional upper half space with the Euclidean metric ds Let ∆ k be a regular k-simplex of edge length 1 in the Euclidean k-space. For any smooth manifold N , let C 1 (∆ k , N) be the topological space of C 1 -maps ∆ k −→ N with C 1 -topology. We denote by C k (N ) the R-vector space consisting of Borel measures µ on C 1 (∆ k , N) with compact support and bounded total variation. Here, the total variation ||µ|| of µ is defined by
where µ + , µ − are the positive and negative parts of µ respectively, that is,
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is naturally defined. Then, the R-vector space of k-cycles is denoted by Z k (N ). The homology determined by (C * (N ), ∂ * ) is equal to the standard homology H * (N, R) for N , for example see Zastrow [25] . Here, the duality between the homology and cohomology is given by
where µ ∈ Z k (N ) and ω is a closed k-form on N , see [20, Chapter 6] for details.
Here, we return to the case where M is a hyperbolic 3-manifold with the universal covering p :
be the affine map with respect to the Euclidean structure on ∆ 3 and the quadratic model on
. Now, we suppose that the M is closed. For any non-degenerate, straight 3-simplex σ : 
where (0, 1) ∈ H 3 = C× R + is the base point of H 3 . The µ 0 will play an important role in the proof of the key lemma, Lemma 6, for Theorem 2.
Intuitively, the measure smear M (σ) "smears M evenly (1.3)" "with straight,
where
Moreover, by (1.1) and (1.2),
where Let {N n } be a sequence of Riemannian manifolds (possibly with boundary) of the same dimension such that each N n has a base point x n . We say that {N n } converges smoothly to a Riemannian manifold N with a base point x 0 if there exist sequences {ε n }, {R n } with ε n 0, R n ∞ and diffeomorphisms f n :
When n ∈ N is sufficiently large, N n is said to be well approximated by N . Let {∆ n } ∞ n=1 be a set of non-degenerate, straight 3-simplices in H 3 such that the base point of each ∆ n is its internal center. According to [20, Chapter 7] , {∆ n } converges smoothly to a regular ideal 3-simplex ∆ reg in H 3 if and only if lim n→∞ Vol(∆ n ) = Vol(∆ reg ). Throughout the remainder of this paper, we set v 3 = Vol(∆ reg ).
Let X, N be hyperbolic 3-manifolds of finite volume, and p : H 3 = X −→ X the universal covering of X. A continuous map ϕ : X −→ N can be lifted to a map ϕ : X −→ N between the universal coverings. For any η > 0, a non-degenerate, straight 3-simplex σ :
We say that a straight 3-simplex τ :
effec be the subset of supp(z X (σ)) consisting of η-effective 3-simplices with respect to ϕ, and set
Here, let us suppose that (i) X thin(δ) consists only of Z × Z-cusps for some δ > 0, (ii) N is closed, and (iii) ϕ(P ) is either a closed geodesic or a point in N for each component P of X thin(δ) . In the former case of the condition (iii), we assume moreover that ϕ( P ) is a geodesic line in N for any component P of p −1 (P ). The last condition (iii) is used to show that, for any 3-cycle z in (X, X thin(δ) ), straight(ϕ * (z)) is a 3-cycle in (N, ϕ(X, thin(δ))). In fact, for any singular 2-simplex τ :
The fundamental classes of (X, X thin(δ) ) and (N, ϕ(X thin(δ) )) are denoted respectively by [X,
Then, we have the following lemma.
where Ω N is the volume form on N . Thus, our desired inequality is obtained from the facts ||z
3 is η-ineffective with respect to ϕ for any α ∈ F. Since the correspondence
Lemma 2. With the same assumptions as in Lemma 1,
Lemma 2 means that, for any subset F as above, µ 0 (F ) is small enough if both ε > 0 and Vol(X) − Vol(N ) are sufficiently small compared with η.
Simplicial honeycombs and twins
For an a > 0 and z ∈ C, we denote by B a (z) the disk in C centered at z of radius a. Let R, r, s be positive numbers with r < R and s < 1. For a z ∈ B r (2R), consider the regular triangle T z in C centered at the origin 0 ∈ C and such that z is a vertex of T z . Divide T z into 9 m regular triangles T z,1 , T z,2 , . . . , T z,9 m of the same size for m ∈ N. These subtriangles are numbered so that the first six triangles 1/s), (v i0 , t), (v i1 , t) and (v i2 , t) . We say that the set H 
Consider an open condition P for straight 3-simplices in H 3 . Fix an open neighborhood A of the identity in Isom
z,i,t be the closed subset of A consisting of those α for which α∆ z,i,t does not satisfy P. Then,
. Let S 0 be the regular triangle in C spanned by (0, w 1 , w 2 ), where w 1 = 2Re π/6 / √ 3 and w 2 = 2Re −π/6 / √ 3. Note that T 2R can be divided into nine triangles isometric to S 0 . For any z ∈ B r (2R), consider the triangle S z in C spanned by (w 1 , w 2 , z) . The triangle S z is regular if and only if z = 2R. Let ∇ 0 be the straight 3-simplex in H 3 = C × R + spanned by (0, 1/s), (0, s), (w 1 , s), (w 2 , s), and let ∇ z,t be that spanned by (0, 1/s), (w 1 , s), (w 2 , s), (z, t) for t ∈ (0, s]. We say that T z,t = {∇ 0 , ∇ z,t } is the simplicial twin in H 3 of type (z, t) (for short (z, t)-twin), see Fig. 3 . For an open condition P for straight 3-simplices in H 3 , let E ⊂ A × B r (2R) × (0, s] be the (α, z, t) such that both α∇ 0 and α∇ z,t satisfy P .
The set E can be decomposed as follows. Let G 0 (resp. G z,t ) be the closed subset of A consisting of those α for which α∇ 0 (resp. α∇ z,t ) does not satisfy P . Then,
These E (m,s) and E for certain open conditions will be used in the proof of Lemma 6. For ∆ ∈ H (m) z,t ∪ T z,t , any vertex of ∆ other than (0, 1/s) is called a lower vertex. We say that H
For a given continuous map ϕ : H 3 −→ H 3 , we will study the η-effectiveness condition P η ( ϕ) with respect to ϕ. That is, a straight 3-simplex ∆ in 
Here, we set x C = z and ∪ {0} and ϕ
Lemma 3. Let us take an arbitrarily small δ > 0, and suppose that r < δ/8.

Then, there exist constants
s 1 = s 1 (δ, m) > 0 and η 1 = η 1 (δ, m) > 0 such that, if H (m) z,t satisfies P η1 ( ϕ) for (z, t) ∈ B r (2R) × (0, s 1 ]
and if we have the normalization
Proof. Since v 3 − Vol(∆ z,i,t ) < ε m (s) and v 3 − Vol(straight( ϕ(∆ z,i,t ))) < η 1 , the simplices ∆ z,i,t and straight( ϕ(∆ z,i,t )) are well approximated by regular ideal simplices. Since both ϕ • (0, s), ϕ • (0, 1/s) are in the vertical ray on the origin 0 ∈ C, for the lower vertices x, x , x of ∆ z,i,t , the points ϕ
• (x ) C span a triangle T i in C arbitrarily close to a regular triangle by a constant depending only on η 1 . More precisely, after rescaling, T i is k(η 1 )-quasi-isometric to the standard regular triangle, where k(η) ≥ 1 is a constant with lim η→0 k(η) = 1. Thus, for z 0 = ϕ • (z, t) C , the tiling pattern with T i 's is well approximated by that with
where x z0;C is the vertex of V 
Moreover, one can take s 1 = s 1 (δ, m) > 0 and retake η 1 > 0 if necessary so that, for any lower vertex x of ∆ z,i,t , both x R and ϕ
• (x) R are less than δ/2. In particular,
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we have
The inequalities (2.2) and (2.3) imply
This completes the proof.
There exists a constant ε = ε (s, r) > 0 with lim (s,r)→(0,0) ε = 0 and such that both ∇ 0 , ∇ z,t in T z,t have the volumes greater than v 3 
Lemma 4. For any δ > 0, 0 < s < 1 and 0 < r < δ/16, there exists a constant
Proof. The proof is done by an argument similar to that in Lemma 3. Since T t,z and T z ,t contain the same 3-simplex ∇ 0 , straight( ϕ(∇ z,t )) and straight( ϕ(∇ z ,t )) have the three common vertices ϕ(0, 1/s), ϕ(w 1 , s), ϕ(w 2 , s). If one can choose η 2 = η 2 (δ) > 0 sufficiently small, then both straight( ϕ(∇ z,t )) and straight( ϕ(∇ z ,t )) are well approximated by a common, regular ideal 3-simplex. Thus, η 2 > 0 can be taken so that the Euclidean distance between ϕ
• (z, t) and ϕ
Recall that V 
Outline of the Proof. 
2R , is a similar map, for any Borel subset λ of B r (2R) with (2R) × {v}) ).
From these facts, one can have a constant m(δ, r) ∈ N satisfying the conclusion of Lemma 5.
Proofs of the main theorem and corollaries
for any x, x ∈ X. One can suppose that a K-quasi-isometry is close to an isometry if and only if K is close to 1. Our main theorem, Theorem 2, is proved by reduction to absurdity. So, we suppose that there exist degree-one maps f n : M n −→ N n (n = 1, 2, 3, . . . ) such that infinitely many f n 's of them are not homotopic to isometries, where M n , N n are closed, connected, hyperbolic 3-manifolds with lim n→∞ Vol(M n ) = lim n→∞ Vol(N n ) < ∞. By passing to a subsequence if necessary, we may assume that all f n 's are not homotopic to isometries, and hence they are not homotopy equivalences by Mostow's Rigidity Theorem [13] . By Jørgensen's Theorem (see [20, Chapter 6] ), we may also assume that there exist connected, hyperbolic 3-manifolds X, Y such that each M n (resp. N n ) is obtained by hyperbolic Dehn surgery on X (resp. on Y ). Moreover, we have sequences {ε n }, {K n } with ε n 0, K n 1 so that there exist K n -quasi-isometries g n : X thick(εn) −→ M n,thick(εn) and h n : N n,thick(εn) −→ Y thick(εn) . Our assumption on volume limit implies i , we may assume that B R/3 (0) contains the attracting fixed point of γ i . We choose A such that (i) A ∩ γA = ∅ for any γ ∈ π 1 (X, x 0 ) − {1}, and (ii) dist H 3 ( x 0 , α x 0 ) < ε 0 and α
Let us denote a unique closed geodesic of a Margulis tube V in M n by c V . If necessary deforming f n by homotopy, we may assume that, for each component
for any γ ∈ π 1 (X, x 0 ). Here, γ : H 3 −→ H 3 is a covering transformation such that, for an oriented arc c in H 3 connecting x 0 with γ( x 0 ), p • c represents γ ∈ π 1 (X, x 0 ). The key to the proof of Theorem 2 is the following lemma.
Lemma 6. Let δ > 0 be any positive number. Then, we have n 0 = n 0 (δ) ∈ N and 0 < s 0 < 1 such that, for any integer n ≥ n 0 , there are α n ∈ A and a Borel subset W n of T 2R × (0, s 0 ] satisfying the following (3.2) and (3.3) .
Proof. Take η 2 = η 2 (δ) > 0 satisfying Lemma 4. Since lim (s,r)→(0,0) ε (s, r) = 0, there exist 0 < s 2 < 1 and 0 < r < δ/16 such that 2ε η −1 2 Vol(N n ) < δµ 0 (A)/16 for any 0 < s ≤ s 2 and n ∈ N, where µ 0 is the normalized Haar measure on Isom + (H 3 ) given in §1. By (3.1), we have n 1 ∈ N such that, for any integer (3.4) where G 0 , G z,t are the closed subsets of A given in §2 for P = P η2 ( ϕ n ).
Let m ∈ N be the integer given in Lemma 5 for δ > 0, r > 0 as above, and let η 1 = η 1 (δ, m) > 0 be a constant satisfying Lemma 3. Since lim s→0 ε m (s) = 0, there exists 0 < s 3 
−m δµ 0 (A)/8 for any 0 < s ≤ s 3 and n ∈ N. There exists n 2 ∈ N such that, for any integer n ≥ n 2 ,
−m δµ 0 (A)/8. Again by Lemma 2, we have
where F (m) z,i,t is the closed subset of A given in §2 for P = P η1 ( ϕ n ). We set n 0 = max{n 1 , n 2 } and s 0 = min{s 2 , s 3 }. For any integer n ≥ n 0 , let E (m,s0) and E be the open subsets of A × B r (2R) × (0, s 0 ] given as in §2. By (3.4) and (3.5),
By Lemma 5,
z ,t and T z ,t satisfy respectively P η1 ( ϕ n • α n ) and 
if necessary passing to a subsequence, we may assume that {α n } converges to α 0 in Isom
Note that the attracting fixed point of γ ni is contained in B R/2 (0). Similarly, the new coordinate on N = C × R + is defined with the isometry β n :
For any δ > 0, let n 0 (δ) be a positive integer given in Lemma 6. There exists a sequence {δ n } ∞ n=ν with δ n > 0, lim n→∞ δ n = 0 and n ≥ n 0 (δ n ), where ν = n 0 (1). Here, we will show that there exists a constant c 0 > 0 such that, for the Borel 
These inequalities imply that
. The situation is illustrated in Fig. 5 . Since
the left hand side of (3.6) is greater than c 3 − δ 0 (1 + c −3
Figure 5.
Let q n : H 3 −→ N n be the universal covering, and let c ni be an oriented loop in N n based at y n = q n (0, 1) and representing (ϕ n ) * (γ i ). By invoking the two facts
. . , k}, we will show the following. (3.7) The sequence {(ϕ n ) * (γ i )} converges to γ 0i in Isom + (H 3 ). By (3.6), we have a constant d 0 > 0 independent of n and three points a nt
By taking a subsequence if necessary, one can suppose that {a nt } converges in C × R + to a point a 0t ∈ C for t = 1, 2, 3. Then, {γ ni (a nt )} converges to γ 0i (a 0t ). Since a nt ∈ W n , by (3.3) with {δ n } → 0, we
For the proof of (3.7), we will show the following in advance.
By (3.8) , {γ
We have a sequence {ε n } with ε n > 0 and lim n→∞ ε n = 0 such that both
consisting of Möbius transformations η with η(N εn (a 0t )) ∩ N εn (a 0t ) = ∅ for t = 1, 2, 3 is compact, and
. This shows (3.7). By (3.7), one can choose c ni 's (n ∈ N) which are equicontinuous, and with
For all n ∈ N with ε n < ε 0 and dist Nn (∂N n,thin(ε0) , ∂N n,thin(εn) (εn) . Otherwise, c n1 ∪ · · · ∪ c nk would be contained in N n,thin(ε0) , and hence (ϕ n ) * (γ ni ) (i = 1, . . . , k) would generate a cyclic group. This contradicts that the sequences {(ϕ n ) * (γ ni )} converge to γ 0i 's which generate non-elementary group π 1 (X). Since h n : 
. It follows that there exists an isometry ψ : X −→ Y with ψ * (γ 0i ) = γ ∞i for i = 1, 2, . . . , k. By our construction of ψ, the homeomorphism
is a meridian of the component of N n,thin(εn) bounded by j n (∂V ). Then, j n would be extended to a homeomorphism j n : M n −→ N n homotopic to f n , a contradiction. This completes our reduction to absurdity and hence the proof of Theorem 2. Remark 1. In the special case of M n = X, N n = Y and f n = f for all n ∈ N, the map ψ : X −→ Y above is an isometry homotopic to f : X −→ Y . Thus, we have given a new proof of Gromov-Thurston's Rigidity Theorem without using the radially extended map f ∞ :
We will now present the example which shows that Theorem 2 is false for maps of higher degree. 
where v 0 > 0 is the smallest volume of hyperbolic 3-manifolds, see [20, Chapter 6] for the existence of v 0 . It follows that n < log v 0 − log V log(1 − c(V )) .
Thus, the smallest integer n 0 not less than (log v 0 − log V )/ log(1 − c(V )) satisfies the property (0.3) of Corollary 2.
Divergent sequences of degree-one maps
In this section, we will prove Theorem 1 by using the argument similar to that in Fujii-Soma [4] .
Let A be a compact, connected, hyperbolic 3-manifold such that the boundary ∂A consists of two totally geodesic components Σ, Σ . Moreover, we suppose that A admits an orientation-reversing, isometric involution τ : A −→ A with τ (Σ) = Σ , and contains a two-sided, closed surface F such that A−F is connected, for example see [4, Lemma 1] 
